AUTOMATIC CONTINUITY FOR HOMOMORPHISMS INTO FREE PRODUCTS 



KONSTANTIN SLUTSKY 

Abstract. A homomorphism from a completely metrizable topological group into a free product of groups 
whose image is not contained in a factor of the free product is shown to be continuous with respect to the 
discrete topology on the range. In particular, any completely metrizable group topology on a free product 
is discrete. 



1. Introduction and background 

The main concept of automatic continuity is to establish conditions on topological groups G and H under 
which a homomorphism : G — > is necessarily continuous. In many cases one of the groups is assumed to 
be very special, while the conditions on the other group are relatively mild. An important example of this 
phenomenon is a theorem of R. M. Dudley [3] from 1961: 

Theorem 1.1 (Dudley). Any homomorphism from a completely metrizable group or a Hausdorff locally 
compact group into a free group with the discrete topology is continuous. 

In fact Dudley's result is more general: the target group does not necessarily have to be a free group, it 
is enough to assume that it admits a special length function (which is called a norm in [3]). In the case of a 
free group this length function is given by the length of the reduced form of an element. In 1976 S. A. Morris 
and P. Nickolas |3] proved that given a homomorphism from a Hausdorff locally compact group into a free 
product with discrete topology either the homomorphism is continuous or its image is contained (up to a 
conjugation) in one of the factors. The next step was made six years later by R. Alperin in [T], where he 
studied actions of Hausdorff locally compact groups on trees in the sense of Bass-Serre theory. In particular, 
he was able to show that if a locally compact group is an amalgam A *c B, then all the subgroups A, B and 
C have to be open. Methods used by Morris-Nickolas and Alperin rely on the structure theory for locally 
compact groups, and therefore are not applicable for general completely metrizable groups. C. Rosendal [6] 
developed further the Bass-Serre theory approach and was able to recover the aforementioned Alperin's result 
for completely metrizable groups under the additional assumption that the set of elements that generate a 
finite or non-discrete subgroup is somewhere dense. Our goal in this paper is to prove the main result of 
Morris-Nickolas [5] for general completely metrizable groups. 

Let r = ^aeA^a and let t/i : G — > F be a homomorphism from a completely metrizable group into a free 
product of non-trivial groups. We say that the image of (jj is contained in a factor of T if there are a e A 
and 7 6 r such that 4'{G) £ jTaj~^. We shall prove (see Theorem 15.61 below) 

Theorem 1.2. Any homomorphism (f) : G ^a^A^a from a completely metrizable group into a free product 
with the discrete topology is continuous unless its image is contained in one of the factors. 

Our proof will take the original construction of Dudley as an important ingredient, so we find it useful to 
recall briefly the argument from [3 for completely metrizable groups. 

Sketch of proof of Dudley 's theorem. Let : G — > -F be a homomorphism from a completely metrizable 
group G into a free group F and let 1 1 • 1 1 : _F ^ N be the length function given by the length of the reduced 
form of an element. The crucial property of this length function is the inequality ||7"|| > maxjn, ||7||} for 
all non-trivial 7 e all n > 1. 

If the homomorphism (j) is discontinuous, then its kernel cannot be open, and we can find a sequence 
i9m)m=i of elements in G such that (j){gm) 5^ e and for 
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where rn = n + Xir=i the sequence hn^n converges for all m. For the limit h„i = lim„^oc /^n.m we 

have hm = gmhl^^i- We claim that | 1 1 > rm-i- Indeed, if (/)(/i„i+i) # e, then 

||0(/lm)"'"-MI 5= Mh^)\\ > Mhra+lY-W - ||0(5m)|| ^ T^^l + l- 

If on the other hand (l){hm+i) = e, then (f>{hraY"^-^ = 4>{gmy"'-^ and | |0(5m)''""H I 5= r^.i, since (/)(gm) 7^ e 
by the choice of gm- And so 

\\hi\\ = \\gih^Y\\^WY\\-\\gi\\^\\h2\\-\\gi\\ 

= Il52/i?ll - Ikll ^ WK^W \\gi\\ II52II > IMl II51II - Ibll 



ill - E II.9HI 5= WKt^^W E II-9'II > ^™ - E 115/ 



I5m"-m + l 

( = 1 / = 1 ( = 1 

is true for all m, which is impossible. □ 

In the above argument we used the freeness of the target group only in the amount that it implies the 
existence of a length function with the special property. In general, a length function on a group F is a 
function 1 1 • 1 1 : F ^ N that for all 7, 71 , 72 G F satisfies: 

(i) ||e|| = (where e is the identity element); 

(ii) 117-^11 = ll7ll; 

(iii) II7172II < II71II + Il72||- 

Suppose now that we have a homomorphism : G — > F and a sequence {gm)m=i of elements in G such that 
the limit 

hm= lim gmigm+i{- ■ ■ ign~iignT"'^Y"^^ ■ ■ ■Y"'^^T"" 

n—>oo 

exists for every m, where r„ is an increasing sequence of natural numbers (possibly different from the sequence 
used in the argument above). To obtain the inequalities \\hi\\ > m with respect to a given length function 
II • II on F we need the following: 

(i) \\<j>{hrnY"^-^\\ ^ r™_i for aU m^2- 

(ii) ||0(/i™)^j-i|| ^ for all TO > 2; 

(iii) Tra — X;i=i ll'/'(50ll positivc and increases with to. 

In our setting the group F = '^a<^A^a will be a free product of non-trivial groups and the length function 
II • II ■ '^a^A^a N will be given by the length of the reduced form of an element. For such a length function 
the inequality ||7"|| > maxjn, II7II} is false for some non-trivial 7 e F, so we shall need to take a special 
care to fulfil the above list of conditions. 

In Section [2] we study the length function on '^a^^A^a and the set of elements on which the inequality 
|7"|| > maxjn, ||7||} fails. In Section[3]we show that any completely metrizable group topology on a free 
product is discrete. Section 2] does some further analysis of the behaviour of the length function and Section 
[5] contains the proof of the main result. 

The author wants to thank Christian Rosendal for helpful discussions of the automatic continuity and for 
noticing an error in an earlier draft. The author also thanks Steven Deprez for his TjrjX advises. 

2. Word length functions on free products 

Throughout this section let F = '^a<^AX a be a free product of non-trivial groups F^ with A being an index 
set of size \A\ > 2. The identity element of any group is denoted by e; we hope that there will be no confusion 
to which of the groups we refer. Let = IJaeA ^ a- viewed as a subset of F. The set depends not only on 
the group F, but also on the representation of F as a free product ^a^AX but we abuse notations and write 
just Xr; the choice of Fq will be clear from the context. We say that two element x,y e Xr are multipliable 
if there is an a e A such that x,y e Ta', in this case there is a unique z e Xr such that xy = z. Any element 
7 6 F can be written uniquely as a reduced product j = X1X2 ■ ■ • Xn, Xi e Xr, where reduced means Xi and 
Xi+i are not multipliable. The word length function on F is then defined by ||7|| = n. We also make an 
agreement that e e F is represented by the empty word and | |e| | =0. The product 7 = 7172 • • • 7n for 7^ e F 
is said to be reduced if ||7|| = 2?=! Il7«ll- An element 7 e F is called cyclically reduced if in its reduced form 
7 = xi • • • either n ^ 1 or a:i 7^ 
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Lemma 2.1. Any 7 e F can be uniquely written as a reduced product of the form 7 = ajcO^ ^ , a,jc ^ ^ , 
where 7c is cyclically reduced. 

Proof. Let 7 e F be a non-trivial element with the reduced form yi...yN, yi £ ^r- Let k ^ iV/2 be 
maximal such that yk = y^Lj,+i and set a = j/i • • • yk, 7c = Vk+i • • ■ VN-k- Then 7 = a7ca~^ is reduced and 
Hk+iUN-k ^ e by the choice of k unless N — k = k + which case k = {N — l)/2 and ||7c|| = 1. □ 

We introduce the following sets to control the behaviour of the length function on F: 

S-r = {76 F : ||7"|| > n for all n > 1}, 
Fr = {7 e F : ||7"|| > ||7|| for all n Ss 1}, 
i^r = {7 £ r : 7" = e for some n ^ 1}. 

Complements of Fr and Sr in F will be denoted by and S'p respectively. 

Lemma 2.2. For any group F = ^a^A^a 

(i) S'p = {axa~^ ; a e F, a; e Xr], and in particular 7 e Sp if and only if e S'p for all n. 
(ii) For any n ^ 2 and any 7 e F the inequality ||7"|| < II7II holds if and only if j = axa^^ , x e Xy, with 

= e and X e. In other words ||7"|| > ||7|| unless 7" = e. 
(Hi) Fp = {axa~^ : a e F, x e Xy, x" = e for some n ^ 1, x ¥^ e} = -F'p\{e}. 

Proof. (El If 7 = axa"^ for some x e Xy, then ||7"1| = ||aa;"Q;^^|| ||aa;a~"'^|| = ||7|| and therefore 7 ^ Sy- 
If 7 = a7ca~"'^ is reduced and ||7c|| ^ 2, then 

||7"|| = ||a7c"a-'ll > 2||a|I + n\U,\\ - {n - 1) > n, 

and 7 e S'p- 

(pH) If 7 = axa~^ with x e Xp, a; # e and x" = e, then 7" = e and in particular ||7"|| < ||7||- If x" 7^ e, 
then ||7"|| = ||7||. Finally, if 7 = Q!7ca~"'^ and ||7c|| ^ 2, then for any n > 2 we have 

||7"|| > 2||a|| + n||7c|| - (n - 1) = 2||a|| + n(||7c|| - 1) + 1 5= 2||a|| + 2||7c|| - 1 > ||7||. 

(|m| The equality i^r = {axa^^ : a e T, x e Xy, x" = e for some n ^ 1} is classical, so Ff: = Fr\{e} 
follows from item □ 

We now come to a rather technical lemma that describes elements that can be written as a product of 
two elements from S'p. Corollaries of this lemma will serve as supplements to our modifications of Dudley's 
argument. 

Lemma 2.3. Let 7 e S'p • S'p be a non-trivial element. There are /i, 77 e F such that the reduced form of j 
is one of the following: 

(i) rjzri"^ , for some z e XY\{e} ; 

(ii) r]^zo^~^vziiy~^r]^^ , for some zq, zi e XY\{e} ; 

(Hi) rj5ii>zv~^52ri~^ , for some 81,82, z 6 Xp\{e}, 81 and 82 are multipliable and 81 ■ 82 e; 

(iv) rj8iiJLZQir'^82VZiv~^8^rj^^ , for8i,Zj e Xp\{e}, 81,82,83 are multipliable and 82 = 81 • <53^ • 

Remember that we treat identity as an empty word, so any of the fj., v, rj are allowed to be absent. 

Proof. Fix 7 e S'p • S'p, 7 7^ e, 7 = az^a^^ ■ I3zif3^^, where zo,zi e Xy and both azga^^ and /3zil3~^ are 
reduced. If either zq = e or zi = e, then the reduced form of 7 is described by item Q and we shall assume 
that zo and zi are non-trivial. Let a = xi ■ ■ ■ Xm, P = yi ■ ■ • yn, Xi, yj e Xy be the reduced forms. By taking 
7""'^ instead of 7 we may and shall assume that m ^ n. We are going to show that no matter how many 
reductions take place in the product azoa~^ ■ j3ziP~^ , the element's 7 reduced representation has form given 
by one of the items above. To make it easier to recognise that a given product can indeed be written in a 
certain form we shall underline elements 77, n, v and their inverses; elements Zj and 8i are then the letters in 
between. 

If 7 = azoa~^ (5zil3~^ is reduced, then, of course, 7 has the form given by item ([n]). So we assume that 
this product is not reduced. If m = and n = 0, then 7 is a single letter, which fits in If m = 0, but 
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71 > 1, then, depending on whether zq • yi = e, the reduced form of 7 is one of the two: 

7 = uy2---yn2i2/,T^ ••■y2"^y^^ " = 2:0 -2/1, 

I I I I 

which satisfy items ^ and dm)) respectively. 

So we assume to 5= 1, n ^ 1, and xi, j/i are multiphable. If ■ yi ¥= e, then the product 

^ = xiX2 - ■ ■ zqx';^ ■ ■ - x^^ uy2- ■ - ynZi ■■■y2^ yT^, u = x^^ ■ yi, 

I I I I I I I I 

is reduced and 7 satisfies (IrvT) . If x\ = yi, let k ^ m be maximal such that Xi = yi for i ^ k. If fc < m, then, 
depending on whether Xk+i and yk+i are multipliable or not, one of the two products 

7 = 2/1 • • • 2/fc Xk+i • • • zo • • • x^l^ yk+i • ■ ■ y„ zi ■ • • y^^^ ^ ■ • • y^^ 

I II I I II I I II I 

7 = 2/1 • • • 2/fc a;fc+i Xfc+2 • • • zo • • • x^^j " 2/^+2 ' ' • 2/n 2/™ ^ • • ■ 2/fe+2 2/fe+i J/fe ^ ' ' ' 2/^^ " = ^^fe+i ' 2/fe+i, 
I I I I I I I I I I I I 

is reduced and they are of the form ([n]) and (pv)) respectively. 

We therefore consider the case k = m. If to = n, then depending on whether zq and zi are multipliable 
the reduced form of 7 is one of the following two 

7 = 2/i---2/m zqZi y~^---y^^, 

I I I I 

ri ))-! 

7 = 2/1 • • •ymW2/m^ • • •2/^^ u = Zo-Zi¥=e, 

I I I I 

and they satisfy ([n]) and (P respectively (here we use 7 7^ e to exclude zq ■ zi = e). 

We may now assume that m < n and 7 can be written (in a not necessarily reduced way) as 

7 = 2/1 • • • 2/m ^0 ■ 2/m+i ■ ■ -ynziy;;^ ■ ■ ■ • ■ • 

I I I I I 1 1 I 

where • represents the only position where reductions can take place. If zq is not multipliable with t/rn+i, 
then the above representation is reduced and satisfies ([n|). If it is not reduced, but zq • 2/m+i e, then the 
reduced form of 7 is 

7 = 2/1 ■ • ■ 2/m u ym+2 ■ ■ -ynziy'^ ■ ■ ■ y~+2 2/mVi 2/™^ ■ • ■ 2/r\ w = • 2/m+l, 

I I I I I I I I 

in accordance with (pli)) . If zq = 2/,7i+i: then setting sq = n + 1, si = Sq — {n — to) = to + 1 we have 

7 = 2/1 • ■ ■ 2/si-i ■ 2/31+1 ■ ■ • 2/so-i2i2/7o-i ■ • • 2/7i+i^o2/s;^_i ■■■yi^- 
If the block ysi+i ■ ■ ■ ys„-izi cancels the block 2/S2 • • ■ 2/si-ii where S2 = si — (n — m) = so ^ 2(n — m), then 

7 = 2/1- • -2/52-1 • 2/S2+1 • • -2/31-1202/71-1 • • -2/72 +1^1 2/s2-i ' ' 'J/r^- 

If again the block ?/s2+i ' ' ' J/si-i-^o cancels the block 2/53 •• • 2/s2-i we can proceed in the same way and build 
a sequence Sk = Sk-i — (n — m) = sq — A;(7i — m) such that 

7 = 2/1 • • • 2/^^-1 • 2/^^+1 • ■ • 2/sfc_i-i2e,j/7^^_^_i • ■ • j/7^Vi^i-«fcy7fc-i • ■ • 2/r\ <^k = k mod 2. 

Note that we use to < n to ensure that < Sk~i, in which case there is the largest k for which this process 
works (it is possible that k = 1). For the largest possible k the block ys^+i • • •2/si-i-2efc does not cancel 
completely and so there are < p ^ Sfc — 1 and Sfc + 1 ^ g < Sfc-i such that 

7 = 2/1 • • •2/p • 2/9 • • •2/sfc-i-i2£fc2/7,^_i-i • • •2/7^2/p+i • • •2/sfc-i2i-efc2/7,-i ' ' •2/r\ 



AUTOMATIC CONTINUITY FOR HOMOMORPHISMS INTO FREE PRODUCTS 



5 



and this product is "almost reduced": it is either reduced or there is exactly one reduction. If (7 < Sk-i and 
Up, Up are not multipliable (including the case p = 0), then the reduced form of 7 is 

1 = yi---ypVq--- Vsk-i-i v7Li-i ■■■Vq^ yp+i ■ ■ • y^sfc-i ^i-^^ y7,^-i ■ • • Vp+i yp^ ■■■ yfS 
I II I I ^1 I I II I 

and it has the form of (jUl. If (7 < Sk-i, p > and Up, yq are multipliable and yp • yq e, then the reduced 
form of 7 is 

1 = yi--- yp-i u vq+i ■ ■ ■ z,^ y^^_^-i ■ ■ ■ yq+i y^^ yp+i ■ ■ ■ ys,-i ^i-e, • • ■ Vpli yp^ 2/p-i • • • yr\ 
I I I I I I I I I I I I 

where u = Up-yq and 7 satisfies item (pv)) . because u~^{y~^)~^ = yq^- If 9 = s/c-i, then the "almost reduced" 
form of 7 is 

1 = yi---yp -ze^ yp+i ■ • • Vs^-i zi-,^ y;^^_i ■ • • j/p+i 2/p ^ • • • yf^ • 

I I I I I II I 

We see that 7 satisfies (jn]) if the above product is reduced (including the case p = 0), and finally if p 1, j/p 
and Zej. are multipliable and yp ■ z^^, ¥= e, then the reduced form of 7 is 

7 = yi • ■ • Vp-i u 2/p+i ■ ■ • Vs^-i zi^e^ y^^_^ ■ ■ ■ ypl^ yp^ yp\ • • ■ u = yp-z,^, 

I I I I I I I I 

which also has the form described by the item dm)) , because ypZ^^y~^ = e if and only if z^^, = e. 

This exhausts all the possibilities and therefore the theorem is proved. □ 

Remark 2.4. It is easy to see that any element in T with the reduced form satisfying one of these items is, 
in fact, an element in S'p ■ S'p and so the description above is complete, but we shall not use this. 

Corollary 2.5. If ^ e ■ has the reduced form 7 = xi • • ■ x„ with n ^ 2 and xi, Xn are not multipliable, 
then the reduced form of j can be written as jiz^^ji^^vziv^^ for some /i, 6 F and some zq^zi e Xr\{e}. 

Lemma 2.6. For T = ^a^A^a the inclusion 5p ■ 5p c F is proper, unless F = Z2 * Z2. 

Proof. The proof splits into three cases. 

Case 1. Suppose there is an a e A and a non-trivial a; e F^ such that order of x is not two, i.e., x x~^ . 
Pick h 6 A\{a} and a non-trivial y e Ff, and let 7 = {xyY = xyxyxy. We claim that 7 ^ S'p ■ S'p. Indeed, if 7 
were in this set, then by Corollarv 12.51 it would have a reduced form jiz^^fi^^vziv^^ and using x 7^ x~^ it is 
straightforward to see that this is not the case. 

The remaining cases deal with all Fq consisting of elements of order 2. 

Case 2. Suppose there is F^ such that |Fa| > 4, and pick 6 e yl\{a}. Let xi,X2,x^ e F^ be distinct 
non-trivial elements and pick a non-trivial y eVi,. Using Corollarv 12 . 5 1 and since Xi ^ xj for i ¥= j, one sees 
that 7 = xiyx2yxzy i Sp • Sp. 

Case 3. We are left with the case when each of Fa is isomorphic to Z2 . Since F = Z2 * Z2 is excluded in 
the statement of the theorem, we may assume that there are at least three factors. Let x,y,z be elements 
of order 2 from three different factors and set 7 = xyz. Note that the reduced of 7 cannot be written in the 
form fiZQfi^^i^ziiy^^ and therefore Corollarv 12.51 finishes the proof. □ 

Remark 2.7. It is easy to check that for the infinite dihedral group Z2*Z2 the equality •S'£ ~ Z2*Z2 

indeed holds: S'^^^^j consists of all elements of odd length plus the identity, so its square is the whole group. 

3. Completely metrizable free products are discrete 

In this section the group F = Fi * F2 is assumed to have exactly two factors unless stated otherwise. 

Definition 3.1. For a pair {i,j) e {1,2} x {1,2} we say that 7 e F\{e} is of type (i, j) if for the reduced form 
oi "f = xi ■ ■ ■ Xn one has xi e F^ and Xn £ Fj. The type {i,j) is called symmetric if i = j and asymmetric 
otherwise. Type is said to be the opposite of type {j,i). 
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Lemma 3.2. Let F 7^ Z2 *Z2 be a topological group and let 7„ be a sequence such that 7n 7^ e, 7„ — > e and all 
the elements 7„ have the same type. There is a subsequence 7„^ satisfying the following property: for any type 
{i,j) there is a sequence e T, such that A„j. e, each has type {i,j), and ||7nfc|| ^ ll'^nfcll ^ 4||7„j.|| 
for all k. 

Proof. Depending on the type of 7„ we have two cases. 

Case 1: 7„ have symmetric type (i, i). If x 6 Tj is non-trivial for j i, then elements A„ = x^nX~^ have 
type (j, j), converge to identity and ||A„|| = ||7n|| +2 sg 3||7„||. The sequence A„7„ has type and 7„An 

is of type (i, j), and elements in both sequences have length at most 4||7„||. Note that in this case we do 
not have to pass to a subsequence of 7„ . 

Case 2: 7^ have asymmetric type {i,j), i j. One of ri,r2 is not isomorphic to Z2, so let Fi Z2. Note 
that 7„ is of type (i, j) implies 7"^ is of the opposite type {j, i). So there is no loss in generality in assuming 
7„ is of type (1,2). 

Subcase 1: there is x eVi such that for infinitely many n the first letter o/7„ is x. Let (rife) be such that 
all elements 7„^ start with x and pick a y e Fi such that x - y ¥^ e, then A„j. = y^nkV^^ converges to identity, 
all the elements A„j. have type (1,1) and ||7nfc|| < ll'^^nfcll ^ 2||7„||. Similarly to the first case it remains to 
conjugate A„j. by a non-trivial element from F2 to get a sequence of type (2, 2). 

Subcase 2: for any x eVi there are only finitely many 7„ which start with x. Let a; e Fi be any non-trivial 
element, then x^nX~^ converges to identity, ||7„|| ^ ||a;7„a;~^|| ^ 2||7„|| and for all but possibly finitely 
many n elements X7„a;~^ have type (1, 1). Passing to a subsequence to avoid this finite set of n's we obtain 
A„j. of type (1, 1), which again can be conjugated by any non-trivial element from F2 into a sequence of type 
(2,2). □ 

Lemma 3.3. //F = Fi * F2 is a non-discrete metrizable topological group, then the word length function is 
unbounded on any non-empty open set. 

Proof. If F # Z2 * Z2 , then by Lemma 13.21 for any open set U and any 7 G J7 we can find A # e such that 
the product A7 is reduced and A7 e U, so IIA7II = ||A|| + ||7||, and thus || • || is unbounded on U. 

For F = Z2 * Z2 the statement is obvious, since for such a F the set of elements of length at most n is 
finite for any n and F being non-discrete implies finite sets cannot be open. □ 

Recall that a subset of a metric space is called separated if there is a non-zero lower bound on the distance 
between its distinct points. 

Lemma 3.4. //F = Fi *F2 is completely metrizable and non-discrete, then the interior of ■ is empty. 

Proof. First of all F being completely metrizable and non-discrete must be uncountable, so there is no need 
to worry for F being isomorphic to the infinite dihedral group. Fix a left-invariant metric c? on F and set 
Ln = {7 e F : ||7|| ^ n}, F = {j^Ln. Since a separated set is necessarily closed and nowhere dense (by 
non-discreteness of the group), Baire's theorem insures the existence of N such that Ln is not separated: 
there are sequences 7^,7" e Ln such that 7'^ ^ 7" for all n and ^(7^,7") 0. By left-invariance of d we 
see that 7„ = ijn)~^l'n converges to e, and 7„ e L2n- By passing to a subsequence and using Lemma \S7I\ 
we may assume that M is such that for any type {i,j) there is a sequence 7„ e Lm, 7n ^ e that consists of 
elements of type (i, j). 

Pick a non-empty open U; we shall find an element in U but not in ■ S^- By Lemma 13.31 find X e U 
with the reduced form X = xi ■ ■ ■ xi, I ^ 8M + 2. We now construct inductively elements 7^ for k = 1, . . . , Z 
such that for 

Afe = a;i7iX272 ■ • ■ XkjkXk+iXk+2 ■ ■ ■ xi 

and for all k we have 

(i) the product in the definition of A^ is reduced; 

(ii) Xk e U- 

(iii) ||7fe|| sS M; 

(iv) if Wk denotes the set of letters in the reduced form of Xk , then there is a letter yk in the reduced form 
of 7fe such that yk ^ ; 

(v) the last element Xi has an asymmetric type (1, 2) or (2, 1). 



AUTOMATIC CONTINUITY FOR HOMOMORPHISMS INTO FREE PRODUCTS 



7 



The first step of the construction is not any different from the later steps, so we show how to find 7fc. Suppose 
that 7i, . . . ,7fe-i have been constructed. By the choice of Lm we can find a sequence 7„ — > e, such that 
||7„|| < M and Xk^n^k+i is reduced for all n (and we take a;/+i to be Xi in the last step to satisfy item (jvj)). 
Throwing away finitely elements from the sequence we may assume that xi^i ■ ■ ■ Xk_ijk_iXkjnXk+i ■ ■ ■ xi e U 
for all n. Since WjT}^ is finite and since there are only finitely many words in the alphabet Wj7_}-^ of length 
at most M, there must be ^n„ that has a letter not in W^^^ in its reduced form; we set 7^ = jno ■ 

We finally claim that A; ^ S'p • 5p. Indeed, suppose A; were in this set. Since A; is of asymmetric type. 
Corollary 12.51 implies the reduced form of / can be written as ^zq^~^vziv~^ . Assume for definiteness that 
l^ll ^ \\v\\, then ll^ll ^ &M+2-2 ^ 2M and therefore ||7fc|| =S M implies there is 1 ^ fc ^ Z such that 
7fc A*"^! but then every letter in 7^. is also in Wj7_\, contradicting the construction. 

Since A; e U , we have proved that U ^ Sf< ■ S'p, and since U was arbitrary, the conclusion follows. □ 

Theorem 3.5. Any completely metrizable group topology on T is discrete. 

Proof. Suppose the statement is false and T is equipped with a non-discrete completely metrizable group 
topology. Let F„ = {/ e F : /" = e}, and therefore Fp = lj„ where each of F„ is closed. Recall that 
Ft c S^. 

Fix a complete metric d on F. As in the original construction of Dudley we build a sequence (7„ e F such 
that for r„ = 71 + Xifc=i ll.9fe|l 

hn.m = 5m(5m + l(- ' ' (Sn-l (fn)''""' ' ' ' Y'^+'^Y"' , 1 m n, 

we have 

(i) gn^S^- S^; 

(ii) for all m ^ 2 

) < 2 ''d{gm,Fr^_J, 

and d(hn+i.,i,hn.i) < 2^". 

Such a sequence is constructed by induction on n. For the base of induction choose any gi ^ S'p ■ S'p. For 
the induction step note that for each 1 ^ m ^ n the map 

= gm{9m+ii- ■ ■ (5n-i(5« ■ x^-Y-'Y-' ■ ■ ■ Y-^'Y-- 

is continuous and i^m(e) = h,i,m- Therefore there exists an open neighbourhood of the identity U such that 
for all g e U and all 2 ^ m ^ n 

d{Cm{g),hn,m) < 2""%™, J 

and d{£,i{g), hn.i) < 2^". By Lemma [3T4l the interior of Sp • Sp is empty and we choose gn+i e ?7 to be any 
element not in Sp • Sp. This finishes the step of induction. 

For each m the resulting sequence /in,m is Cauchy, so we may define hm = hm„™>oo ^n,m. Also by the 
definition of hn^rn we have hn,m = g-mK^rn+i ^^'^ therefore also hm = g-mK^Y+i- Finally d(hn+i,m,'hn,m) < 
2""rf(5m,Fr„_J implies 

d{hm,grn)< ^ 2""(i(c/™ , J < , J , 

n — m 

and therefore hm ^ ^r„_i, whence by item (jHI of Lemma [2.21 we see that ||/im'"^|| 5= ||^m|| holds for all 

Claim. We claim that ^ ^m-i for all m ^ 2. Indeed, if h,n e Sr, then H/iItT^^H ^ r,n-i holds by 

the definition of Sr. If hm e Sp, but ft-m+i e Sr, then 

l|/lm "Ml ^ \\hm\\ = \\gmh'"m+l\\ ^ Wm + iW - \\gm\\ 2= '"m - HSmll = r^-l + 1 > r^-l- 

Finally if hm 6 Sp and hm+i e Sp, then by item Q of Lemma ^mYl ^ "^f therefore gm = hmh^"\ ^ 
Sp • Sp contradicting the choice of gm ■ 
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m— 1 

fni^rTT+lll ^ 2 



5(11 ^ II^I; 



'm+1 



2 llffdl 5= 



m 



m 



= m. 



And this is true for all m, which is absurd. 



1=1 



1=1 



□ 



Corollary 3.6. Let T = ^aeytTa be a free products with a e A, where A is any set of cardinality at least 
two. Any completely metrizahle group topology on T is discrete. 



Corollary 3.7. Let (j) : G ^ T he a surjective homomorphism from a completely metrizahle topological group 
G onto a discrete free product T = '^asA^a for some index set \A\ ^ 2. // the kernel K of cj) is closed in G, 
then (f> is continuous. 

Proof. Suppose that the kernel K is & closed normal subgroup of G and let tt : G ^ G/K be the canonical 
projection. The surjective homomorphism (jj induces the isomorphism ip : G/K T. Since the group G/K 
being a quotient of a completely metrizahle group by a closed normal subgroup is itself completely metrizahle 
in the quotient topology (see [21 Theorem 5.2.2] and [U Section 8D]), Corollary 13.61 implies G/K is discrete. 
Therefore ip : G/K — ► F is continuous, and hence so is = -0 o D 



To motivate some of the calculations in this section let us discuss the strategy of proving our main result 
Theorem ll.2l Based on CoroUarv 13 . 71 and some additional arguments we shall find ourselves in the situation 
of having a surjective homomorphism (f> : G ^ T from a completely metrizahle group into a free product 
that has a dense kernel. Density of the kernel gives a great power. Recall that in the argument of Dudley 
we could choose the sequence gm from any dense set. In particular, for such a the sequence 4>{gm) can 
be literally any sequence we want. For instance, we shall find it convenient to have (t>{gm) = 7o 6 T for a 
concrete 70 e F. To obtain a contradiction we shall need to show that (t>{hm) ^ S^, where hm is constructed 
as usually. Since elements hm are obtained via the limit procedure, we shall have little control of them. 
The only piece of information that will be at our hands is the equality hm = gmK/^^i, and therefore also 
4>{hm) = lo4'{hm+iY^ ■ If we choose 70 ^ S'p • Sp, then either 4>{hm) or (f)(hm+i) has to be in St, but we 
need this to be the case for both of them. The somewhat tedious calculations in this section show that under 
some mild assumptions on 70 and r^, 70 A''™ e implies X e and this will be enough for our purposes. 

In this section the group F = Fi * F2 is also assumed to have exactly two factors unless stated otherwise. 
The role of the groups Fi and F2 will not be symmetric. As we have noted earlier, elements of order two 
cause some troubles, and we shall use two different arguments: when both Fi and F2 consist "essentially" 
of elements of order two, and when one of Fi, F2 has "many" elements of order bigger than two. Results of 
this section are needed for the latter and will be applied for Fi being a "good" group in this sense. 

Definition 4.1. Let 7 be an element in Fi * F2 with the reduced form 7 = X1X2 ■ ■ ■ Xn. If n ^ 2, then 7 has 
letters from both Fi and F2, so let ii, . . . , be the indices of letters from Fi, i.e., depending on whether 
xi e Fi or xi e F2, ikS are either all the odd or all the even letters. The word 7 is called unbalanced if 
Xi, 7^ x^^ for all k ¥= I and Xi, i= x~^ for all k. In other words, an element is unbalanced if all of its letters 
from Fi have order bigger than two, and the word uses neither the same letter from Fi twice nor the letter 
from Fi and its inverse. 

Lemma 4.2. An unbalanced asymmetric element of length at least 6 does not belong to ■ S^- 

Proof. Let 7 e F be such an element. By CoroUarv 12.51 if 7 e S'p • S'p, then the reduced form of 7 is of the 
form ^ZQii^^vzii>~^ for some /i, 6 F and some zq, zi e Ap\{e}. Since 7 is unbalanced, both /i and v may 
consist only of letters from F2. In particular, zq and zi are the only possible letters from Fi, but ||7|| ^ 6 
and so 7 has at least 3 letters from Fi in its reduced form. This contradiction proves the lemma. □ 



Proof. This is immediate from the above, since '^a^A^a = Tq * ( ^6eA\{a}rb 



□ 



4. More calculations in the free products 
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Lemma 4.3. Let ^ e Fi * r2 he an unbalanced element of asymmetric type and of length ||^|| ^ 6. If r A 
and A 6 Fi * r2 is cyclically reduced of length ||A|| ^ 2, then ^X^ ^ S^. 

Proof. The proof is by contradiction: suppose the statement is false and we are given elements ^, A 6 Fi * r2 
and r which comply the assumptions of the theorem, but ^A'' e S'p. Therefore ^A'" = /3z/3~^ for some /3 e F 
and z s Ti ^ T2. A tiresome case analysis with numerous subcases will show that this is impossible. More 
precisely, we consider four cases depending on the relation between the types of ^ and A and there will be 
subcases dealing with different possible lengths of A. Most of the products in this proof will be reduced 
(except for the product ^A'', the reduced form of which we aim to understand), we shall mention explicitly 
when a product under consideration is not reduced and a dot • will denote places where reductions may 
occur. 

Let ^A'' = /3zl3~'^ and so, roughly speaking, the first half of the letters in the reduced form of ^A'' are 
just the inverses of the corresponding letters in the second half. We analyse the product ^A*" and show that 
it cannot have the form f3zf3^^. To emphasise at which parts of the reduced form of ^A'' we look in the 
concrete argument, we under-bracket the relevant pieces. By assumption ^ has type with i ^ j. 

Case: ^ is of type and A has type {j, i). In this case A is of asymmetric type, and the reduced form 
of A'' is just the concatenation of r copies of the reduced form of A. Note also that the length of A is even. 

Subcase: ||A|| ^ ||^|| + 2. If A = ^''^Xi for some Ai e F, then 

^A'- = Air^Air'Ai---r%, 

and the product is reduced (we shall not mention this in the future). Therefore for ^A"" to have the form 
/3zl3~^ we must have A^^ = Ai and = ^, whence ^ has a symmetric type contrary to the original 
assumption. 

If A 7^ ^~^Ai, then there is a unique way to decompose ^ as Ci-^C2 and A as ^^^a;Ai for some ^i, ^2, Ai G F 
and some x,x e Xp, where x,x e, x and x are multipliable, ||Ai|| ^ +2 and x ■ x 7^ e. Note that we 
allow for ^1 and ^2 to be empty. So 

^A"" = ^luAi^^^iAi • • -^^^iAi, u = x-x. 
This implies Ai = A2U~^^f^, IIA2II ^ 1 and thus 

I I I I 

So A2 = A2^, u = X and ^2^1 = ^i^^2^- But the latter is impossible, since IIC2C1II = ll^ll ~ 1 ^ 5 implies 
there is a letter from Fi in ^2^1 that is also a letter in the reduced form of ^i^^2^- This contradicts the 
assumption that ^ is unbalanced. 

Subcase: \\^\\ = ||A|[. If A = then ^A'' = A''"^ has asymmetric type and ^A"" ^ S^- So we may assume 
that ^ = ^0:^2 and A = ^^^iAi, x and x are multipliable letters, x ■ x ^ e and ||Ai|| = Similarly to 

the previous subcase one sees that Ai = and so 

^A-- = a u^i'^2' i^i' ■ ■■C2'iCi'^2'S:^i\ u = x-x. 

I I I I 

Thus u^^ = X and = ^i^^2^: which is impossible for the same reason as before. 
Subcase: 4 ^ ||A|| ^ H^l - 2. 

Subsubcase: ^ = ^ixX~^, A = a;Ai and x -x + e. In this situation ||a|| ^ 1, ||Ai|| ^ 3 and 

^A'" = a u\\x\\ ■ • • X Ai , u = X -x. 

If either ||a|| ^ 2 or ||a|| = 1 and ^ ^ Ti, then ^ contains a letter from Fi with its inverse being a letter 

in Ai, but ^ = ^\x\^^x~^ , and in particular ^ contains two copies of the same letter from Fi contradicting 
the assumption that ^ is unbalanced. Therefore \\^\\\ = 1, ^ ^ r2 and thus Ai = A2U~^^f^ with IIA2II > 1, 

CA'' = ixu \2U-^ i'^^x\2U-^^-{^ ■ •■ xAa M-^er'- 

Therefore Aj"^ = A2 and x = u. Note that ^ s F2 implies u e Fi. So A = ■uA2'u^^^f^ and ^ = [^ixX^^, 
whence the reduced form of ^ has both u and with u e Fi. This is impossible for unbalanced words. 
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Subsubcase: ^ = ^i.tA^^, A = xXi and x ■ x = e. Letters x and x cannot belong to Fi, since this would 
contradict ^ being unbalanced, so a; = x~^ e Let = £,2y, A = x~^yX2 and we must have y ■ y 7^ e 
(again, because ^ is unbalanced), ||^2|| > 0, 

=^vX2X~'^yX2---x~^yX2, v = y ■ y. 

Note that ||A|| ^ 4 implies IIA2II ^ 2. If ||^2|| ^ 2, then there exists a letter in ^2 from Fi with its inverse 
being a letter in A2. So ^ = £^2yxX2^y~^x has two copies of a letter from Fi, which is impossible. Thus 
1 1^2 1 1 < 2, but 1 1^2 1 1 is even, and therefore ||^2|| = 0, in other words 

^A'' = vX2X~'^yX2 ■ ■ ■x~^yX2 ■ 

So A2 = Xzv~^ , 

^X^ = V X3V^^ x~^yX3V~''' ■ ■ ■ x^^yXs v''^, 

whence A3 ^ = A3 and y = v. We thus have v e Fi, A = x~^vX3V~^ and ^ = ^ia;A~^, which again contradicts 
the assumption of ^ being unbalanced. 

Therefore the reduced form of ^ cannot be written in the form ^ = ^ixX~^, and we have one subsubcase 
left. 

Subsubcase: ^ cannot be written as £^ ¥= ^ia;A^^ . In this subsubcase we can write ^ = ^ia;^2 and A = ^^""^SAi, 
for some ^1,^2, Ai 6 F and some x,x e Xr\{e}. x ■ x # e, ||^i|| ^ ||Ai|| + 2, 

^A*" = ^1 wAi^^^iAi • • • $,2^ 2;Ai, u = x ■ x. 

Therefore 6 = 1 16 1 1 > 1, 

^A*" = Af^x~^ ^3 mAi^^^SAi • • -^2^^^ Ai^^^ xAi. 

Similarly to the earlier cases, since ^ = A^"'^a:~"'^^3a;^2 is unbalanced and ||Ai^^"'^|| ^ 3 (because ||A|| ^ 4) we 
must have ||^3|| = 1 and ^3 e r2. So Ai^^^ = C,u~^£^^^ for some C e F, ||(|| ^ 1 and 

^A'' = X-{^x-^£,3u (:u-^^ ^^i ■ ■ ■ xC n~^g3~^xAi. 

Finally we get Q = C,~^ and x = u, whence u is a letter in ^A^^ and ^ = Aj"^M~^^3a;^2- But ^3 e F2 implies 
ueTi and so ^ is not unbalanced. This contradiction finishes this subsub- and sub- cases. 

Subcase: ||A|| = 2. 

Subsubcase: (, = ^ia;A~-^, A = xy, x ■ x e. Here ||fi|| > 3 and 

^A^ = ^1 uyxy ■ ■ ■ xyxy, u = x • x. 

If ll^ill ^ 4 or if y 6 Fi, then ^1 contains two copies of the same letter from Fi, which is impossible by 
assumption. So ^1 = y~^x~^y~^ and y e F2. Then 

^A'^ = y~^x~^y~^ uyxy ■■■ xyxy, 

I I I I 

and u = x~^, whence ^ = y~^x~^y~^xy~^x~^ , x eTi and such an element is not unbalanced. 

Subsubcase: ^ = ^ixX~^ , X = xy, x ■ x = e. For an unbalanced ^ the equality x • .t = e is only possible 
when a;, X e F2 and so ^ = ^2yxX~^, X = x~^y and y ■ y ^ e, because ^ is unbalanced. So 

^A'' = ^2 vx^^y ■ ■ ■ x^^yx^^ yx~^y, v = y ■ y, 

and y € Ti. Similarly to the previous subsubcase we get ||^2|| = 2, and ^2 = y~^x, v = y~^, which again 
contradict the assumption that ^ is unbalanced. 

Subsubcase: ^ ^ iiX^^ . We can write ^ = Ci-'^Ca and A = ^^^xAi, where x ■ x ^ e, \\^2\\ = or ||^2|| = 1, 
||Ai|| = 1 or ||Ai|| = 0, and 5= 4. Therefore 

^A*" = ^1 uAi^2^^a;Ai • • • ^^"'^a:Ai^2^^a;Ai . 
Il^ill ^ 4 implies that ^ starts with A~^A~^, which is impossible. This finishes the first case. 

Case: ^ is of type («, j) and X is of type (i, i). In this case there are no cancellations between ^ and A, the 
length of A is odd, and if A = iiAia;2, then the product 

A'' = xiAiwAiu • • • uAii2, u = x\- $2, 
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is reduced, because A is cyclically reduced by assumption. 
Subcase: ||A|| ^ ||^|| + 3. Let A = X1X1X2 and 

^A*" = ^xiXiuXiu- ■ ■uXiX2 ■ 

i_i I I 

For ^A"" to be in we must have ^ = S^^^i and Ai = X2$,i^, 

^X^ = ^2^6 XiX2^ i^uX2^i^U ■ ■ -11X2 ^1^X2- 

Thus A2 = Xsx^^, A3 = Aj^^, u = xi and 

^A'' = X2^^iXiX3Xl^ XiXaXi'^^^^Xi ■ ■ ■ XiXsX^^ ^ XiX3X^^^^^X2. 

From this ^1 = , which is impossible since ^ is unbalanced and ^ = x~^^i. 

Subcase: \\X\\ = \\^\\ + 1. As in the previous subcase for A = X1A1X2, u = Xi ■ X2 and ^ = x^^^i, 
||Ci|| = ||Ai||,wehave 

^A'' = S,lXl XiU ■ ■ ■ uXi X2- 

Hence ^1 = Aj"^, xi = and so 

and again we arrive at a contradictive ^1 = ^f^. 

Subcase: 5 < ||A|| < ||^|| — 1. As before A = iiAi:r2, C = X2^^i and 

^A'' = $2^ ^1 iTiAiu • ■ • uAi $2- 

I I I I 

From ||A|| < ll^ll — 1 we deduce ^1 = A^^u~^^2 and therefore 

^A'' = ^2 ^-^r^""^ ^2 iiAiM ■ • ■ u Ai uAii2- 

Since ||Ai|| > 3. if \\(;2\\ ^ 2 or if ||^2|| = 1 and ^2 e Fi, then the word ^ is not unbalanced; so ^2 g F2 and 
Ai = X2Xi^^2^ and 

^A*" = .X^-^C2-^lA^"^M~^^2^1 X2X^^ £,2^U ■ ■ ■ UX2 X'^^£,2^UX2X'^^£,2^X2- 

This implies A2 = X^^ and u = Xi. But then u e Fi and 

^ = X2^X'{^U~^i2 = X2^^2UX2U~'^^2, 

and ^ is not unbalanced. 

Subcase: ||A|| = 3. Let A = Xiyx2, then 

^A"" = ^ xiyuyu • • • uyuyx2 ■ 

i_i I I 

Therefore the reduced form of ^ start with X2^y~^u~^y^^u^^ , and therefore cannot be unbalanced. 

Case: £, is of type and X is of type In this case there has to be a "full cancellation": either 

the reduced form of A'' starts with or the reduced form of ^ ends in the reduced form of A"*". For if 

this were not the case, then ^ = (,1x^2 and A'' = ^2^xXi with x ■ x ¥= e, hence ^A'' = ^luAi is reduced with 
u = X ■ X, and therefore ^A'' has type (i,j), and in particular it is not in 5p. 

Subcase: ||A|| ^ ||^|| + 3. Let ^ = ^ix, X = x'^^f ^Aii2 and 

^A'' = AiM^f "^Aiu • • • Aii2, u = X2 ■ x~^. 

One sees that Ai = a;^^A2, A^^ = A2, u = X2 and 

^A'" = :r2"^A2X2 i^^A2X2 • • • £,1^ X2^X2X2- 

This implies = ^1, which contradict ^ being unbalanced. 

Subcase: \\X\ \ = \\£\ \ + 1. In this subcase ^ = £_ix and A = x~^£^^X2 and 

^A'" = u^i^ u^i^u ■ ■ - u £1^X2 ■ 

I I I I 

Hence u = X2^ and ^ = £,1, which is a contradiction. 
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Subcase: 5 < ||A|| ^ ||^|| — 1. Let A = xiyXiX2 and ^ = (,iyu'~^ X]^^y~^Xi^ , where u = X2 • xi. Note that 
||Ai|| 5= 2. As we argued at the begmning of the case, there has to a full cancellation, and we must have 
y ■ y = e, and therefore also y (otherwise ^ is not unbalanced). So 

^A'' = ^1 ■ Xiuy^^Xiu ■ ■ ■ uy^^XiX2, 

where the product is not necessarily reduced as the dot indicates. If ||Ci|| > 0, then the last letter of is in 
Fi (since y e r2); this letter has to cancel with the first letter of Ai, but this implies that ^ is not unbalanced. 
Therefore ||^i|| = and 

^A'' = XiuyXiu ■ ■ ■ uy X1X2, 

which implies Ai = a;^^A2, A2 = A^^, u = X2 and again ^ = yuX2^uy~^Xi^ is not unbalanced. 

Subcase: \\X\\ = 3. Let A = xiyx2, and ^ = S^iZoyu^^y^^x^^ . Since ^ is unbalanced, either y ■ y e or 
zq ■ u ¥= e, and therefore ^A*" has type and is not in S'p. 

Case: both ^ and X are of type In this case the product ^A"" is reduced and has type and so 

is not in S'p. □ 

Lemma 4.4. Let ^ e Fi * r2 be an unbalanced element of asymmetric type, \\^\\ 5= 6. If j ^ and r ^ 4, 
then ^ S^- 

Proof. The proof is again by contradiction: assume that we do have ^, 7 and r such that the assumptions 
hold and ^7'' 6 S'p. Let 7 = aXa~^ with A being cyclically reduced, ||A|| ^ 2, and ^7'' = f3zf3~^ for some 
z e Xr- First of all we note that it cannot happen that ^ = ^1x^2 and a = ^^^iai for some ^1,^2,0^1 £ F 
and some non-trivial multipliable x,x e Xr with x ■ x ^ e. Indeed, if this were the case, then the product 

^7*^ = ^luaiXai^ x~^ £,2, u = x ■ x 

is reduced and therefore ^7*" has asymmetric type, and cannot be an element in Sp. So either the product 
is reduced, or one of ^, a completely cancels the other one. More formally, we have the following cases. 
Case: ^7'' is reduced. In this case the product £^aX^a~^ is reduced (here A'' is understood as a single 

element, not as a product). 

Subcase: \\^\\ ^ For ^aX^a~^ to be of the form /3z/3~^ we must have ^ = a^i and therefore 

^7'' = a^iQ;A''a~^ = a(S,iaX^)a~'^ . Note that f = a^i is asymmetric and unbalanced if and on if so is fia. 

We therefore apply Lemma l473l to and A. 

Subcase: ||^|| < j|a||. Let ^ be the largest such that a = C^ai. Then ^7'' = aiX^'a^^^'^ = 
{^aiX'^ai^)^~^ . The set Sp is conjugation invariant, therefore we need to consider ^aiA'^a^j"^ only. We 

claim that ||ai|| < ||^||. If this were not the case and ||a;i|| 5= ||^||, then for ^Q;iA'"a5^^ to be of the form 

j3z(3~^ we must have ai = £,a2, contradicting the maximality of K. So ||q;i|| < ||^|| and we are under the 

conditions of the previous subcase with ai in the place of a. 
Case: Full reduction. 

Subcase: \\^\\ > ||a|| and therefore ^ = ^ia~^. In this subcase ^7*^ = ^1 • A'^a""'^, where the product in 
not necessarily reduced, and therefore Q;~^^7''a = a~^^i ■ A'', where Q.~^^i is asymmetric and unbalanced, 
because so is ^ = £,iOi~^. It remains to apply Lemma 

Subcase: ||^|| < ||q;|| and therefore a = £,~^ai. Let if > 1 be maximal such that a = £,^^a2, then 
^7'' = ^~^+^a2A''Q;^^^-'^. It is enough to show that ^^^a2A''a^^ ^ Sp. Since ^7'" is assumed to be of the 
form /3z/3^^ and by maximality of K we conclude that ||q;2|| < ||^|| and therefore can apply the previous 
subcase with a2 in the role of a. □ 

5. Automatic continuity for homomorphisms into free products 

In this section we shall finally prove Theorem ll.2l As we have mentioned earlier, the core of the argument 
is to show that there are no surjective homomorphisms (f) : G —* T with dense kernels. Depending on the 
structure of F, we shall use somewhat different modifications of the Dudley's argument. One of the special 
cases will be F = Z2 * Z2. This case is, in fact, already known. More precisely, Rosendal [6j Theorem 3.2] in 
a somewhat different terminology has proved 

Theorem 5.1 (Rosendal). For a completely metrizable topological group G and any homomorphism (j) : G —>■ 
Z2 * Z2 one of the two possibilities hold: either 4> is continuous, or 4>{G) is contained in one of the factors. 
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In particular this implies that there does not exist a surjective homomorphism from a completely metriz- 
able group onto Z2 * Z2 with a dense kernel. We shall need this corollary and for the purpose of completeness 
we give a proof of it using the setting of this paper. This argument is, in fact, a reformulation of Rosendal's 
original proof. 

In the rest of the section G denotes a completely metrizable topological group. 

Lemma 5.2. Let : G — > Z2 * Z2 he a surjective homomorphism. The kernel of cf) cannot be dense in G. 

Proof. Suppose the kernel of (j) were dense. By surjectivity of (f) there is some g e G such that (t>{g) = xy, 
where x and y are the generators of the two factors in Z2 * Z2 . Let K be the kernel of (j), and so gK is dense 
in G. We construct a sequence (5m)m=i of elements in G such that (j){gm) = xy, and the limit 

km = lim gmigm+l{- ■ ■ ign^lignY"'^Y""^^ ' ' ' 

exists, where = 2™. We claim that | 1 1 5= r„i^i for any m ^ 2 and (j){hm) e S'za^Za- By 
continuity = gmK^+i and therefore = xy(j){h,n+iy''' ■ If 0(ft.m+i) e 'S'za^Zs' ^^^"^ (j>{h,n+i) has 

order 2 and therefore (j)[hm+iY'^ = e. In this case | |?!'(/im)''"~H | = {xyY^^-^ = 2rm-i- If (j){hm+i) e 5*22*22; 
then (j){hm+i) = {xyY for some non-zero integer g, and therefore = 11(2;?/)''™-^^'^''"+-'^^ || ^ rm-i- 

This proves the claim and therefore > m for any m by the same argument as the end of Theorem 

This contradiction proves the lemma. □ 



Lemma 5.3. Let (f> : G T, where F = Fi * F2, be a surjective homomorphism and assume that Fi * F2 7^ 
Z2 * Z2 and that Fi * r2 does not have elements of order p for a prime p. The kernel of (j) cannot be dense 
in G. 

Proof. Suppose the kernel of were dense. By Lemma 12.61 and surjectivity of (/) there is g e G such that 
0(5) ^ S'p * S'p. Using the density of the kernel, and hence the density of any coset, we construct a sequence 
(5ni)m=i in G such that cj){gm) = <j>{g) ^ Sf. ■ Sf. and the limit 

km = lim gmig,n+l{- ■ ■ {gn-l{gny"-'^Y"^^ ■ ■ ■Y""^^y"" 
n— >Q0 

exists, where r™ = p™+™ll0(9)ll. We claim that \\<j>{hrnY'^'' W ^ r^-i for aU m^2. Indeed, if (j){h„,-i) e S'r, 
then this is true by the definition of the set S'r. If 4'{hm) £ Sp, then <f>{grn) ^ Sf^ ■ Sf^ implies (f){hm+i) e S'r 
and therefore ||(?!'(/im)|| = \\<Pigm)4>ihm+iY"'\\ ^ fm - 4>{g) > Finally, r„i_i is a power of p and 

therefore ^ ll<^(^m)ll by item ([u]) of Lemma [2.2[ which proves the claim. This inequalities 

imply ^ m as before and the lemma follows. □ 

Lemma 5.4. Let (f> : G T, where F = Fi * F2, be a surjective homomorphism and assume there is an 
unbalanced ^ e Fi * F2 of asymmetric type and length \\^\\ ^ 6. The kernel of (f) cannot be dense in G. 

Proof. Suppose the kernel of (f) were dense. Let ^ e Fi * F2 be an unbalanced element of asymmetric type 
and of length at least 6. By surjectivity of cj) we can pick g e G such that (j){g) = ^. Using the density of the 
kernel construct a sequence {grn)m=i such that 4>{gm) = £, and the limit 

hm = lim 5m(ffm+l(- ' ' (ffn-l (Sn)''""' )'~""^ ' ' + 

exists, where r,„ = m + m||^||. Since ^ is of asymmetric type, unbalanced and ||^|| 5= 6, Lemma 14.21 implies 
^ ^ Sp ■ Sp. Since (j){hm) = 'C0(^in+i)'^'" > Lemma [4.41 then implies (j){hm) e Sr for all m > 2, and we again 
arrive at an absurd inequality ^ m for all m. □ 

Before the final spurt we would like to recall a classical Kurosh's subgroup theorem: 

Theorem 5.5 (Kurosh). Any subgroup F' of a free product F = ^aEA^a can be written as F{Z) * ^^b^s^'hj ; 
where Z V generates a free group F(Z) and for each b e B there are a e A and 7^ e F such that 
F'f, = 7fcAf,7j;"^ and A(, < F^. 

Theorem 5.6. If (f) : G T is a homomorphism from a completely metrizable group F into a discrete group 
r = ^aeA^a, then either 4> is continuous or the image of 4> is contained in one of the factors ofV. 



14 



KONSTANTIN SLUTSKY 



Proof. Let K denote the kernel of (p. The closure of the kernel K is also a completely metrizable group and 
we may consider the restriction of (j) onto K. li K = K, then Theorem 13.71 implies (j) is continuous and we 
assume that K ^ K. In this case the group F' = (l){K) is non-trivial and we can apply Kurosh's subgroup 
theorem to write F' = F{Z) * {^beB^'i,)- '^^^ homomorphism (f) : K ^ T' is surjective and has a dense 
kernel. We claim that (l){K) is contained in a factor of F'; in other words we claim that F' has only one 
factor. Suppose this is false. Pick two factors of F' and let tt be a canonical projection from F' onto the free 
product of these two factors. The map tt o : X — > 7r(r') is surjective, has a dense kernel and its image is a 
free product of two nontrivial groups. By Lemma 15.21 the group 7r(F') is not the infinite dihedral group and 
by Lemma 15.41 there are no unbalanced asymmetric words of length at least 6 in 7r(F'). But then there can 
be at most 4 elements of order bigger than 2 in each of the factors of 7r(F'), for if there were 5 such elements 
in say Fi, then one could select three of them xi, X2, X3 such that Xi ^ x^^ for i j and so Xiyx2yx3y is an 
asymmetric unbalanced element of length 6 for any non-trivial y G F2. Hence there must be a prime p such 
that neither Fi nor F2 have elements of order p and therefore Lemma 15.31 applies and gives a contradiction. 

Thus (t){K) is contained in a factor of F', which by Dudley's Theorem 11.11 cannot the free factor, therefore 
(j>{K) is contained in a factor of F, i.e., c 'yrao^~^ for some 7 e F and some oq e A. We can write 

r = ^aGA^aj where F^ = 7ra7~^5 so there is no loss in generality to assume that 7 = 6. 

Assume first that : G ^ F is surjective. We claim that in this case F = Tag- Indeed, if \A\ > 2 and 
there is b e A such that b ^ qq, then pick g s G such that (l){g) G Fb\{e} and choose an h e K\K . Since 
if is a normal subgroup of G, we must have (f>{ghg^^) e Fa, but (j){g)(f>{h)cj){g)~^ = XbXaoX'f^^ for non-trivial 
Xao G Tag and Xf, G Ff,. This is a contradiction. 

So the theorem is proved under the assumption that (f> is surjective. If 4> is not surjective, let F' be 
its image. Using Kurosh's subgroup theorem and applying what we have proved for the now surjective 
: G — > F' we derive that ether is continuous (in which case it also continuous viewed as a map : G — > F) 
or the image of is contained in a factor of F'. But any factor of F' is contained up to a conjugation in a 
factor of F, except possibly for the free group factor F{Z). But if the image of </> is a free group, then 4> is 
continuous by Dudley's Theorem ll.il □ 
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